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Abstract
In this paper, we show that a compactly supported multi-refinable distribution is the convolution of some
splines.
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1. Introduction and main result
A compactly supported distribution ϕ is said to be λ-refinable if
ϕ =
∑
j∈Z
cjϕ(λ · −dj ) and
∑
j∈Z
cj = λ, (1.1)
where 1 < λ ∈ R and D = {dj : cj = 0} is a finite set of R. We call Eq. (1.1) as a refinement
equation, the parameter λ as the dilation, and the set D as the translation set. Refinable distri-
butions play some important roles in the wavelet theory, subdivision scheme, fractal geometry,
and self-affine tile (see, for instance, [1,4,5,7] and references therein).
Taking Fourier transform on both sides of the refinement equation (1.1), we obtain
ϕˆ(ξ) = H(ξ/λ)ϕˆ(ξ/λ), (1.2)
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λ
∑
j∈Z cj e−2πidj ξ . Here the Fourier transform fˆ of an integrable function f is
defined by fˆ (ξ) = ∫
R
e−2πixξ f (x) dx, while the Fourier transform of a compactly supported dis-
tribution is interpreted as usual. The function H in (1.2) is known as the symbol of the refinement
equation (1.1) or the refinable distribution ϕ.
We say that a function G is a quasi-trigonometric polynomial if G(ξ) =∑Nj=0 aj e−2πibj ξ for
some 0 = aj ∈ C and distinct real numbers bj ∈ R, 1 j N . If all exponents bj , 1 j N ,
are integers, the quasi-trigonometric polynomial G becomes a usual trigonometric polynomial.
From Eqs. (1.1) and (1.2), we see that a compactly supported distribution ϕ is λ-refinable if and
only if there exists a quasi-trigonometric polynomial H(ξ) such that (1.2) holds. Moreover, the
quasi-trigonometric polynomial H(ξ) in (1.2) becomes a trigonometric polynomial if and only
if the translation set D of the refinement equation (1.1) is a set of integers.
We say that a compactly supported distribution ϕ is multi-refinable if there are two distinct
numbers λ and μ strictly larger than one such that ϕ is both λ-refinable and μ-refinable. Us-
ing the equivalent formulation (1.2) of the refinement equation (1.1), we see that if a compactly
supported distribution ϕ is both λ-refinable and μ-refinable then it is (λμ)-refinable, which im-
plies that ϕ is λn-refinable for all integers n 1. We also observe that if φ is λK -refinable then
the distribution ϕ, to be defined by ϕ = αφ ∗ φ(λ−1·) ∗ · · · ∗ φ(λ−K+1·), is λ-refinable, where
1  K ∈ Z, α ∈ R, and f ∗ g denotes the usual convolution between functions f and g to be
defined by f ∗ g = ∫
R
f (· − t)g(t) dt .
The B-splines Bn, n  −1, are defined as follows: B−1 is the usual delta distribution on
the origin, B0 = χ[0,1] is the usual characteristic function on the interval [0,1], and Bn = B0 ∗
B0 ∗ · · · ∗ B0 for n  1. For the multi-refinability of compactly supported distributions with
dilation λ ∈ Z and translation set D ⊂ Z, the characterization given in [3] shows that those
multi-refinable distributions are essentially certain linear combinations of the integer translates of
a B-spline Bn(·− x0) for some x0 ∈ R (see [3,6,8–10] for the interconnections between refinable
distributions and B-splines).
In this paper, we characterize multi-refinable distributions with non-integer dilation and trans-
lation set. Our result below shows that a compactly supported multi-refinable distribution is of
the form (1.5) with φ being certain linear combinations of the integer translates of a B-spline
Bn(· − x0), where x0 ∈ R.
Theorem 1. Let λ and μ be real numbers strictly larger than one such that lnλ/ lnμ is an
irrational number. Assume that ϕ is a compactly supported distribution with ϕˆ(0) = 0, but not
a delta distribution, and satisfies the following two refinement equations with dilation λ and μ
respectively:
ϕ =
∑
j∈Z
cjϕ(λ · −j) and
∑
j∈Z
cj = λ, (1.3)
and
ϕ =
∑
j∈Z
c′j ϕ(μ · −dj ) and
∑
j∈Z
c′j = μ, (1.4)
where cj , c′j = 0 for all but finitely many j ∈ Z, and dj ∈ R. Then
(i) If λ is an integer, then μ is an integer, the translations dj in Eq. (1.4) belongs to Z + d0.
Moreover, ϕ is a finite linear combination of integer translates of a B-spline Bn(· − x0),
where x0 ∈ R and −1 n ∈ Z.
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l > 1 and k0 between 0 and K−1, where K is the smallest positive integer such that λK ∈ Z.
Moreover, the distribution ϕ can be written in the following form:
ϕ = αφ ∗ φ(λ−1 · ) ∗ · · · ∗ φ(λ−K+1 · ), (1.5)
where α ∈ R and φ is a finite linear combination of integer translates of a B-spline
Bn(· − x0) that satisfies the following two refinement equations:
φ =
∑
j∈Z
cjλ
K−1φ
(
λK · −j), (1.6)
with the coefficients cj in Eq. (1.5), and
φ =
∑
j∈Z
c′′j φ(l · −j), (1.7)
with c′′j = 0 for all but finitely many j ∈ Z, where x0 ∈ R and −1 n ∈ Z.
(iii) If dj ∈ Z for all j with nonzero cj , then both λ and μ are integers, and ϕ is a finite linear
combination of integer translates of a B-spline Bn(· − x0), where x0 ∈ R and −1 n ∈ Z.
2. Two technical lemmas
In this section, we include two technical lemmas used for the proof of Theorem 1 in the next
section.
For a quasi-trigonometric polynomial G, we denote by ZG the set of all roots of G with a
root of multiplicity s being listed for s times. For instance, ZG = {. . . ,−1,−1,0,0,1,1, . . .}
for the trigonometric polynomial G = (1 − e−2πiξ )2. For two quasi-trigonometric polynomials
G1 and G2, we say that G1 is divided exactly by G2 if there exists another quasi-trigonometric
polynomial G3 such that G1 = G2G3.
Lemma 2. Let λ,μ be two real numbers strictly larger than one, and Q1 be a trigonometric poly-
nomial. Assume that there exists a positive integer n with λn ∈ Z and that Q1 is not a monomial.
Define
Q(ξ) = Q1(ξ)Q1
(
λ−1ξ
) · · ·Q1(λ−K+1ξ),
where K is the smallest positive integer such that λK ∈ Z. If Q(ξ) is divided exactly by Q(ξ/μ),
then there exists k0 ∈ {0,1, . . . ,K − 1} such that l := μ/λk0 is an integer and Q1(lξ)/Q1(ξ) is
a trigonometric polynomial.
Proof. For a trigonometric polynomial, it is well known that ξ is its root with multiplicity s if
and only if ξ + m is its root with multiplicity s for any m ∈ Z. Therefore
ZQ1 = {ξ0, ξ1, . . . , ξN } + Z, (2.1)
where Re(ξn) ∈ (0,1], 0 i N . This implies that
ZQ(μξ) =
K−1⋃
k=0
λkμ−1
({ξ0, . . . , ξN } + Z). (2.2)
By the assumption on the quasi-trigonometric polynomial Q, we have
ZQ1 ⊂ ZQ(μξ). (2.3)
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and k ∈ {0,1, . . . ,K − 1} such that(
λk
μ
ξj + λ
k
μ
Z
)
∩ (ξ + Z)
contains at least two elements, say
λk
μ
ξj + λ
k
μ
n1 = ξ + m1 and λ
k
μ
ξj + λ
k
μ
n2 = ξ + m2
for some distinct integers n1, n2,m1,m2. Therefore
λk
μ
= m2 − m1
n2 − n1
is a rational number.
Set l = μ/λk0 . Now we prove Q1(lξ) can be divided exactly by Q1(ξ). Write l = p/q where
p,q are integers prime to each other. Suppose, on the contrary, that there is ξ ∈ {ξ0, ξ1, . . . , ξN }
and an integer n such that either ξ + n is not the root of Q1(lξ) or ξ + n is the root of Q1(lξ)
with multiplicity strictly less than s, where s is the multiplicity of the root ξ + n of Q1(ξ). Then
ξ + n + pm ∈ ZQ(μξ)/Q1(lξ) for all m ∈ Z by (2.3),
ξ + n + pm ∈
⋃
k∈{0,1,...,K−1}, k =k0
(
λkμ−1{ξ0, . . . , ξN } + λkμ−1Z
)
, m ∈ Z.
Hence there exist m1,m2 ∈ Z with m1 = m2, k1 ∈ {0,1, . . . ,K − 1} with k1 = k0, and an integer
i with 0 i N such that ξ +n+pm1, ξ +n+pm2 ∈ λk1μ−1(ξi +Z). Thus, other than μ/λk0 ,
μ/λk1 is a rational number too. This is a contradiction since λ is irrational by the assumption on
λ and both k0, k1 are distinct integers between 0 and K − 1.
Let RQ1 be the set of all rational roots of Q1 with a root having multiplicity s listed for s
times. Now we claim that
RQ1 = ZQ1 . (2.4)
Recalling that Q1(lξ) can be exactly divided by Q1(ξ), we then have that lξ ∈ ZQ1 for each
ξ ∈ ZQ1 , which in turn implies that lnξ ∈ ZQ1 for all n  1. Therefore for any ξ ∈ ZQ1 there
exist two distinct positive integers n1, n2 by (2.1) such that ln1ξ − ln2ξ ∈ Z. Thus ξ is a rational
number and the claim (2.4) follows.
Finally we prove that l is an integer. Suppose, on the contrary, that l is not an integer. We
write l = p/q with p,q are integers prime to each other. For any 0 = p1/q1 ∈ RQ1 and any
integer n 1, we have that pnp1/(qnq1) ∈ RQ1 = ZQ1 by (2.4) and the fact that lnξ ∈ ZQ1 for
all n 1 and ξ ∈ ZQ1 . This contradicts to (2.1) since the denominate of the rational number of
pnp1/(qnq1) is larger than qn/p1, which tends to infinity as n tends to infinity. 
A function g is said to be a spline of degree n with knots x1 < · · · < xN if it is a linear
combination of delta distributions on x1, . . . , xN if n = −1 and of (· − xi)n+, 1  i  N , if
0 n ∈ Z, where x+ = max(x,0) for x ∈ R. In this paper, a spline means that a spline of certain
degree with finitely many knots. To prove Theorem 1, we need the following result, which is
given in [3] for the case that both λ,μ are positive integers and the translation sets are subsets
of Z.
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irrational number. If a compactly supported distribution ϕ is both λ-refinable and μ-refinable,
and satisfies ϕˆ(0) = 0, then ϕ is a spline.
Proof. Let ϕ satisfies the following two refinement equations:
ϕ =
N1∑
j=0
cjϕ(λ · −dj ), ϕ =
N2∑
j=0
c′jϕ(μ · −d ′j ),
where d0 < d1 < · · · < dN1 and d ′0 < d ′1 < · · · < d ′N2 . Without loss of generality, we assume that
d0 = d ′0 = 0 and c0cN1, c′0c′N2 = 0, (2.5)
otherwise, replacing ϕ by ϕ(· − d0/(λ − 1)). Also we may assume that N1,N2  2, since other-
wise ϕ is the delta distribution on the origin.
Let τ0  1 be an integer so chosen that ϕ is a linear functional of Cτ0−1(R), the space of all
continuous functions on the line having continuous derivatives of order up to τ0 − 1. One may
verify that the function ϕτ0 , to be defined by ϕτ0(x) = 〈ϕ, (x − ·)τ0+〉, is continuous about x, has
support in [0,+∞), coincides with a polynomial of degree τ0 on (K,∞) for sufficiently large K ,
satisfies the refinement equation
ϕτ0 = λ−τ0−1
N1∑
j=0
cjϕτ0(λ · −dj ), ϕτ0 = μ−τ0−1
N2∑
j=0
c′j ϕτ0
(
μ · −d ′j
)
. (2.6)
By (2.5), (2.6), and the continuity and support property of the function ϕτ0 , we obtain
ϕτ0(x) =
{
Aϕτ0(λx), x ∈ [0, ε0/λ],
Bϕτ0(μx), x ∈ [0, ε0/μ], (2.7)
where ε0 = min{d1, d ′1}, A = λ−τ0−1c0 = 0 and B = μ−τ0−1c′0 = 0. Using (2.7) iteratively yields
ϕτ0(x) = AaBbϕτ0
(
λaμbx
)
, (2.8)
whenever x,λaμbx ∈ [0, ε0] and a, b ∈ Z.
Let x0 ∈ (0, ε0) and t0 ∈ (0,1) be so chosen that ϕτ0(x0) = 0 and ϕτ0(t0x0) = 0. The existence
of such x0 and t0 follows from the fact that ϕτ0 ≡ 0 on [0, ε0] and the continuity of ϕτ0 , since
otherwise using c0ϕτ0(x) = λτ0+1ϕτ0(λ−1x) −
∑N1
j=1 cjϕτ0(x − dj ) yields that ϕτ0(x) ≡ 0 on
the whole line. Recalling that {λaμb; a, b ∈ Z} is a dense set in R+, the set of all positive real
numbers, because lnλ/ lnμ is an irrational number, we then obtain from (2.8) that there exist
sequences aj , bj ∈ Z such that limj→+∞ |aj | = limj→+∞ |bj | = +∞, limj→+∞ λaj μbj = t0,
and the intersection between {(aj , bj ); j ∈ Z} and any one of the four grids (2Z) × (2Z),
(2Z+1)× (2Z), (2Z)× (2Z+1), and (2Z+1)× (2Z+1) has infinite many elements. Therefore
limj→+∞ Aaj Bbj = ϕ(x0)/ϕ(t0x0), which implies that A,B > 0 and
lnA
lnλ
= lnB
lnμ
. (2.9)
This together with (2.8) leads to the following formula:
ϕτ0(x) =
(
λaμb
)−τ
ϕτ0
(
λaμbx
)
for all 0 x,λaμbx  ε and a, b ∈ Z, (2.10)
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instead of (2.8), we then obtain that
ϕτ0(x) = t−τ ϕτ0(tx) for all x ∈ (0, ε] and t ∈ (0,1).
Therefore
ϕτ0(x) = Cxτ for all x ∈ [0, 0], (2.11)
where C,τ > 0.
Let τ be as in (2.11). Define
K1 = sup
{
K˜1: the restriction of ϕτ0 on (−∞, K˜1) coincides with a finite linear
combination of (· − t)τ+, t ∈ R
}
.
Then K1  0 by (2.11), and K1 max(λK1,K1 + 0) because
c0ϕτ0 = λτ0+1ϕτ0
(
λ−1 · )−
N1∑
j=1
cjϕτ0(λx − dj )
by (2.5) and (2.6). This proves that K1 = +∞, that is, for any K the restriction of ϕτ0 on
(−∞,K) coincides with a finite linear combination of (· − t)τ+, where t ∈ R. This, together
with the fact that ϕτ0 is a nonzero polynomial of degree τ0 on (K,+∞) for sufficiently large K ,
implies that τ is an integer larger than τ0. Therefore ϕτ0 is a finite linear combination of
(· − t)τ+, t ∈ R, where τ0  τ ∈ Z. The conclusion about ϕ then follows since ϕ = ϕ(τ0+1)τ0 . 
3. Proof of Theorem 1
To prove Theorem 1, we recall two results in [2,8].
Lemma 4. [2] Let ϕ be a compactly supported spline but not a delta distribution, and 1 < λ /∈ Z.
If ϕ satisfies the following refinement equation:
ϕ =
∑
j∈Z
cjϕ(λ · −j) and
∑
j∈Z
cj = λ,
with cj = 0 for all but finitely many j ∈ Z, then there exists an integer k > 0 such that λk ∈ Z.
Furthermore, the compactly supported distribution solution φ to the refinement equation
φ =
∑
j∈Z
cjλ
K−1φ
(
λK · −j) and φˆ(0) = 1,
is a spline, and ϕ = αφ ∗ φ(λ−1·) ∗ · · · ∗ φ(λ−K+1·) for some α ∈ R, where K is the smallest
positive integer such that λK ∈ Z.
Lemma 5. [8] Let ϕ be a compactly supported spline, and satisfies a refinement equation with
dilation 1 < λ ∈ Z and translation set D ⊂ Z. Then there exist x0 ∈ R and n−1 such that ϕ is
a finite linear combination of the integer translates of the shifted B-spline Bn(· − x0).
Now we are ready to start the proof of Theorem 1.
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λ is an integer, then it follows from Lemma 5 that
ϕˆ(ξ) = e−i2πx1ξ ξ−nG(ξ) (3.1)
for some trigonometric polynomial G, x1 ∈ R and 0  n ∈ Z. Taking the Fourier transform on
both sides of the refinement equation (1.4), we have
ϕˆ(ξ) = H2
(
μ−1ξ
)
ϕˆ
(
μ−1ξ
)
, (3.2)
where H2(ξ) is a quasi-trigonometric polynomial. Substituting the expression (3.1) for ϕˆ(ξ) into
(3.2), we obtain
G(μξ) = H˜2(ξ)G(ξ)
for some quasi-trigonometric polynomial H˜2. Since ϕ is not a delta distribution, G is not a
monomial. Therefore using the argument in the proof of Lemma 2, we conclude that μ is an
integer and H˜2(ξ) is a trigonometric polynomial. This proves the conclusion (i).
Now we prove (ii). By Lemma 4, λk is an integer for some 1 k ∈ Z, and ϕ can be written as
the form (1.5) with φ being a spline and satisfying Eq. (1.6). By Lemma 5, it remains to show the
existence of integers l > 1 and k0 between 0 and K − 1 such that μ = lλk0 , and the l-refinability
of the distribution φ. Taking the Fourier transform on both sides of (1.4)–(1.6) yields⎧⎨
⎩
ϕˆ(ξ) = αλ(K−1)K/2φˆ(ξ)φˆ(λξ) · · · φˆ(λK−1ξ),
ϕˆ(ξ) = H1(ξ/μ)ϕˆ(ξ/μ),
φˆ(ξ) = H2(ξ/λK)φˆ(ξ/λK),
(3.3)
where H1(ξ) is a quasi-trigonometric polynomial while H2(ξ) is a trigonometric polynomial. By
(1.6) and Lemma 5,
φˆ(ξ) = e−i2πx1ξ ξ−nG˜(ξ) (3.4)
for some trigonometric polynomial G˜, x1 ∈ R and 0 n ∈ Z. Define Q1(ξ) = G˜(ξ) and Q(ξ) =
Q1(ξ)Q1(λ−1ξ) · · ·Q1(λ−K+1ξ). Then it follows from (3.3) and (3.4) that
Q(ξ) can be divided exactly by Q(ξ/μ). (3.5)
By (3.5) and Lemma 3, there exists k0 ∈ {0,1, . . . ,K − 1} such that l := μ/λk0 is an integer,
and that Q1(lξ)/Q1(ξ) is a trigonometric polynomial. Noting that l is an integer strictly larger
than one since lnλ/ lnμ is an irrational number, we then obtain from (3.3) that φ is l-refinable,
and the translation set of the corresponding refinement equation is a subset of x1 + Z for some
x1 ∈ R. This completes the proof of the second conclusion.
Finally we prove (iii). If one of λ,μ is an integer, then the third conclusion follows from the
first conclusion. If both λ,μ are not integers, then it follows from the second conclusion that
μ = lλk and λ = l′μk′ for some positive integers l, l′, k, k′. Therefore λ = l′(lλk)k′  λ, which
implies that l = l′ = k = k′ = 1 and hence λ = μ. This is a contradiction since lnλ/ lnμ is an
irrational number. 
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